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Recent experiments demonstrated strongly directional coupling of light into waveguide modes. We identify
here the mechanisms behind this effect. We consider emitters centered on the median plane of the waveguide
as well as emitters displaced from such plane. We show that, independently of the displacement, the direction-
ality is mostly due to a mirror symmetry breaking caused by the axial character of the angular momentum of
the emitted light. The sign of the angular momentum along an axis transverse to the waveguide determines
the preferential coupling direction. The degree of directionality grows exponentially as the magnitude of such
transverse angular momentum increases linearly. We trace this exponential dependence back to a property of
the evanescent angular spectrum of the emissions. A binary and less pronounced directional coupling effect
due to the chiral character of the handedness of the emission is possible when the displacement of the emitter
breaks another of the mirror symmetries of the waveguide. We also show that the choice of a different angular
momentum quantization axis made in some experiments significantly changes the way in which directionality
depends on angular momentum. Our symmetry-based results apply to any emitted multipolar order, clarify
the spin-momentum locking concept, and generalize it to an exponentially-strong locking between the trans-
verse angular momentum and the preferential coupling direction. We also show that, for centered emitters, the
electric(magnetic) multipolar emissions can only couple to a given waveguide mode if they obey a waveguide-
mode-dependent selection rule.
I. INTRODUCTION AND SUMMARY
Several recent experiments have demonstrated directional
coupling of light into waveguide modes. For example, pro-
nounced directionality has been shown in the collection of
atomic emissions by optical fibers [1] and quantum dot
emissions by waveguides [2, 3]. Similarly, experiments
have shown pronounced directional coupling of focused light
beams into waveguides, either directly [4] or mediated by a
scatterer [5, 6]. The directionality effect has the potential to
route light and classify emissions according to the electromag-
netic properties that determine the preferential coupling direc-
tion. Different theoretical approaches have been developed
to understand the effect [7–18]. In particular, the concepts
of transverse spin and spin-momentum locking in evanescent
waves have been put forward as the origin of the directionality.
Yet, a general and precise understanding is still lacking. For
example, the dipolar approximation is routinely made to char-
acterize the emitter. This precludes the study and prediction
of possible directional coupling effects for the light emitted
from higher-order multipolar transitions of atoms, molecules,
and quantum dots [19–24]. Additionally, an ambiguity is in-
troduced by the use of the photonic spin. In the context of the
common separation of the optical angular momentum into or-
bital and spin parts[25], the spin of the photon is often simul-
taneously connected to both angular momentum and circular-
polarization handedness (e.g. [11, 26–28]). This raises the
question of which property dictates the directional coupling,
since each of the two options implies fundamentally different
characteristics and applications of the directional coupling ef-
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fect. Finally, while some experimental setups select the trans-
verse angular momentum axis [1, 5, 6], others select a dif-
ferent axis [2, 3, 10], and the theoretical description of both
options is not yet unified in a single framework.
In this work, we will use a symmetry-based approach where
the angular momentum is not separated into orbital and spin
parts [12, 29], and which has been shown to successfully pre-
dict some different effects that angular momentum and helic-
ity can have in light-matter interactions [30–32]. Using this
symmetry analysis and numerical simulations, we elucidate
the mechanisms behind the directional coupling effect. In
particular, we study the separate role of two different prop-
erties of the emission: Helicity(polarization handedness) and
angular momentum. Our approach and results are valid for
emissions of a general multipolar order. We consider emit-
ters centered on the median plane of the waveguide as well as
emitters displaced from such plane. We show that, indepen-
dently of the displacement, the directionality is mostly deter-
mined by the projection of the angular momentum on the axis
transverse to the plane defined by the position of the emitter
and the waveguide axis. The directionality occurs because a
particular mirror symmetry is broken due to the fact that the
angular momentum is an axial vector. The sign of the trans-
verse angular momentum vector determines the preferred cou-
pling direction, while its magnitude determines both the de-
gree of symmetry breaking and the degree of directionality,
which grows with such magnitude. We show that such growth
is exponential, and that this is due to an intrinsic characteristic
of the evanescent components of the emissions, whose power
flux in the relevant directions depends exponentially on the
transverse angular momentum. The exponential dependence
occurs for emissions of pure handedness as well as for their
linear combinations, in particular electric and magnetic mul-
tipolar emissions. For emitters centered on the median plane
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2of the waveguide the helicity of the emission has no effect in
the directionality. Displacing the emitter allows a helicity de-
pendent contribution to the directionality when the displace-
ment breaks an additional mirror symmetry. This contribu-
tion, which is of significantly smaller magnitude than the one
due to transverse angular momentum, biases the directionality
in a position dependent way: For opposite displacements the
same helicity produces an opposite bias. We also show that,
for centered emitters, the coupling of the electric(magnetic)
emissions is governed by a waveguide-mode-dependent selec-
tion rule. According to our results, the dominant directionality
effect due to transverse angular momentum could be exploited
for routing light depending on its angular momentum, or for
detecting high-order multipolar transitions of discrete emit-
ters. Yet, it is not suited for applications that require hand-
edness sensitivity, like discriminating between the two enan-
tiomers of chiral molecules. The transverse angular momen-
tum axis has been experimentally selected in some cases e.g.
[1, 5, 6], while a different axis has been chosen in other cases
e.g. [2, 3, 10]. For the latter choice, and in full agreement
with experiments, we show that directionality is forbidden for
emitters centered on a mirror symmetric waveguide, and that
the sign of the directionality depends on the position of the
emitter for a fixed sign of the angular momentum.
In the rest of the article, we present the simulation results
for the coupling directionality of an emitter near a rectangular
waveguide and explain them using the broken and unbroken
symmetries of the joint emission-waveguide system.
II. NUMERICAL SIMULATIONS
Figure 1 shows the considered geometry. An emitter is
placed at the origin of the coordinate system close to a nearby
rectangular silicon waveguide. The waveguide is invariant un-
der reflections across the xOy and yOz planes, and is paral-
lel to the x-axis. The distance between the emitter and the
axis of the waveguide is 590 nm. The width of the waveg-
uide is 500 nm and its height is 200 nm. We perform numeri-
cal simulations over a frequency window of 40 THz centered
at f0 ≈ 193.4 THz. The central frequency corresponds to a
vacuum wavelength of 1550 nm, and the frequency span to a
wavelength range between 1404 nm and 1729 nm. For prac-
tical purposes, the waveguide can be considered single-mode
across the entire frequency band[33]. The simulations are per-
formed in the time domain using CST MWS. Appendix A
contains detailed explanations.
In our simulations, each emission contains a single heli-
cal multipole. The helical multipoles, or multipoles of well-
defined helicity are linear combinations of the electric and
magnetic multipoles ([34, Eq. (11.4-25)], [35, Eq. (2.18)]).
The salient characteristic of the helical multipoles is that all
the plane-waves in their decomposition, including the evanes-
cent ones, have the same polarization handedness. We denote
the helical multipoles by |k j mz λ 〉, where k is the wavenum-
ber, j is the multipolar order (dipole j = 1, quadrupole j = 2,
etc ...), mz ∈ [− j,− j+ 1, . . . , j− 1, j] is the projection of an-
gular momentum along the z axis, and λ ∈ {−1,+1} is the
helicity or handedness. Appendix B contains explicit expres-
sions and relevant properties of helical multipoles. Any emis-
sion can be decomposed into helical multipoles. They form
a complete basis for the fields radiated by an arbitrary emit-
ter. For example, the fields emitted by an arbitrarily-oriented
electric dipole p of frequency ω = kc0 can be written as (see
App. C ):
mz=1
∑
mz=−1
pmz (|k 1 mz +〉− |k 1 mz −〉) , (1)
where the weights pmz are proportional to the projection of
the spherical basis vectors {eˆ1 =−(xˆ+ iyˆ)/
√
2, eˆ0 = zˆ, eˆ−1 =
(xˆ− iyˆ)/√2} onto p.
We consider emissions up to the octupolar order ( j = 3)
for both helicities and all possible values of mz, for a total
of 30=(3+5+7)×2 cases. This allows us to study the sepa-
rate effect that angular momentum and helicity[36], i.e. the
rotational or chiral properties of the fields may have on the
coupling directionality. We note that angular momentum and
handedness can be most easily confused in the dipolar approx-
imation. The field radiated by what is commonly referred to
as[2, 3, 10, 16] circular-dipole or circularly-polarized electric
dipole moment p=−xˆ− iyˆ(p= xˆ− iyˆ), has a single non-zero
coefficient p1(p−1) in Eq. (1). The radiation of a circularly-
polarized electric dipole has hence a well-defined angular mo-
mentum mz = 1 or mz = −1, but is a perfect mix of the two
handedness in both cases. When our results are particular-
ized to the dipolar approximation, it is seen that the directional
coupling effect is controlled by the ± sign in p = xˆ± iyˆ be-
cause such sign determines the transverse angular momentum
mz =±1 of the radiated fields, not because it affects the hand-
edness of the emitted light. Crucially, while such ± sign is
reminiscent of a binary property like chirality or handedness,
it should not be identified with it. Such incorrect identification
suggests that the effect is always binary, while, as we show in
this article, it rather features an mz-dependent non-binary gra-
dation.
In our simulations, the directionality is computed as fol-
lows. After the emission, a portion of the radiated power
couples into the waveguide. The power coupled to the first
waveguide mode travelling towards either the +xˆ or the −xˆ
direction is recorded by two dedicated ports. We refer to
the power coupled towards the ±xˆ direction as C±xˆ. Fig-
ure 2 shows the logarithmic directionality of the in-coupled
power D = log10 [C+xˆ/C−xˆ] for varying angular momentum
(mz, j) and helicity λ . A positive(negative) D indicates pref-
erential coupling towards the +xˆ(−xˆ) direction, and |D| mea-
sures the degree of directionality in a logarithmic scale. For
each (mz, j), the data in blue(red) corresponds to the posi-
tive(negative) helicity. The color intensity encodes the fre-
quency distribution of D as indicated by the insets. On the
one hand, Fig. 2 clearly shows that the helicity does not in-
fluence the value of D: Emissions with the same multipolar
content (mz, j) but opposite helicity produce the same values
of D[37]. We will later show that this follows from the sym-
metries of the system. On the other hand, Fig. 2 shows a clear
dependence of D on the transverse angular momentum mz,
3FIG. 1. Sketch of the geometry of the system representing the cou-
pling of the multipolar emission |k j mz λ 〉 to a nearby silicon waveg-
uide. The emitter is located in vacuum at the center of the coordinate
system. The waveguide is placed symmetrically with respect to the
xOy plane with its optical axis parallel to the x-axis. The radiated
power that couples to the first guided mode of the waveguide towards
either the +xˆ or the −xˆ directions is collected by waveguide ports.
which approximately follows[38] the green dashed line corre-
sponding to 2mz. The sign of mz fixes the preferential coupling
direction and, in a linear scale, the degree of directionality
grows exponentially as ≈ 2|mz|. We observe that two emis-
sions a and b, with (mz, j)a and (−mz, j)b result in Da =−Db,
and that for mz = 0, D ≈ 0. These regularities will be also
shown to follow from the symmetries of the system. Figure 3
shows D as a function of frequency for some exemplary cases.
All the regularities are clearly visible across the whole spec-
trum. In particular, we observe in Fig. 3(a) that there is es-
sentially no preferential coupling direction when mz = 0 (note
the vertical scale). Half the in-coupled power travels towards
each direction. The small fluctuations around D= 0 can be at-
tributed to numerical errors. Figure 3(b) shows that the direc-
tionality of all multipolar emissions with mz = +1(mz = −1)
is positive(negative). In Fig. 3(b) we clearly observe that the
directionality of a particular (mz, j) emission is opposite to
the directionality of the (−mz, j) emission, and that there is
a perfect spectral overlap of the directionality of multipolar
emissions with equal (mz, j) but opposite helicities. In partic-
ular, these results demonstrate that the orientation of a dipolar
emitter, being directly related with the transverse angular mo-
mentum of the emission via Eq. (1), determines the directional
coupling, while the helicity of the emission has no influence
on it.
III. SYMMETRY ANALYSIS
We now use the invariance of the waveguide upon reflec-
tion across the planes yOz (Mx) and xOy (Mz) to infer sev-
eral fundamental characteristics of the directional coupling ef-
fect from the transformations of the joint emission-waveguide
system. The mirror reflection properties of the helicity (Λ =
J ·P/|P|) and angular momentum (J = mzˆ) of the emissions,
and of the power flow towards the ±xˆ directions inside the
waveguide (F = F xˆ) are hence of relevance. Such transfor-
mation properties are readily derived[39] by noting that the
properties of the power flow must be akin to those of linear
momentum and the Poynting vector, and that angular momen-
tum and linear momentum transform differently under parity
and mirror symmetries due to their axial and polar vector char-
acter, respectively:
Mx (J) = Mx (mzˆ) = Rx(pi) [Π(mzˆ)] = Rx(pi)(mzˆ)→−mzˆ,
Mz (J) = Mz (mzˆ) = Rz(pi) [Π(mzˆ)] = Rz(pi)(mzˆ)→ mzˆ,
Mx (F) = Mx (F xˆ) = Rx(pi) [Π(F xˆ)] = Rx(pi)(−F xˆ)→−F xˆ,
Mz (F) = Mz (F xˆ) = Rz(pi) [Π(F xˆ)] = Rz(pi)(−F xˆ)→ F xˆ,
Mx (Λ)→−Λ, Mz (Λ)→−Λ. (2)
Figure 4 shows the transformations of the initial situations
[panels a) and e)], upon the following symmetries of the
waveguide: Mx [panels b) and f)], Mz [panels c) and g)], and
the composition MzMx [panels d) and h)]. Angular momen-
tum is represented by green arrows, positive(negative) helicity
by blue(red) circles, and power flux by yellow arrows of dif-
ferent size reflecting a preferred coupling direction. The an-
gular momentum and helicity of the emission are separately
considered in panels a) to d), and e) to h), respectively. In
the initial, yet untransformed, situation of panels a) and e) we
hypothesize some degree of directional coupling depending
solely on angular momentum and solely on helicity, respec-
tively. Such hypothesis is falsified when a transformed sys-
tem shows a physical contradiction with the original one. For
example, the emission in panel g) occurs from the same loca-
tion as the emission in panel e), and, even though the emis-
sions have opposite helicity, they result in the same direction-
ality. Similarly, the emission of panel h) is from the same
location and of the same helicity as in panel e), but results
in the opposite directionality. No such contradictions can be
found regarding angular momentum dependent directionality
when |mz|> 0. The comparison of panel a) with panels b,c,d)
only shows that the directionality changes sign with the sign
of the transverse angular momentum. The case mz = 0 is spe-
cial because it is invariant under the action of Mx: mz→−mz
[Eq. (2)]. This leads to a contradiction between panels a) and
b), where the same value of mz results in opposite directional-
ity. Algebraic derivations can be found in App. D, where we
show that the Mz symmetry implies that two helical emissions
|k j mz λ 〉 and |k j mz −λ 〉 will have the same directional-
ity, and that the MzMx symmetry implies that |k j mz λ 〉 and
|k j −mz λ 〉 will have opposite directionality. The latter im-
plies D = 0 for mz = 0. The simulation results obey all these
symmetry-based predictions. The same regularities will occur
in any other geometry with the same symmetries. For exam-
ple: i) The same system as in Fig. 1 but with the waveguide
turned 90 degrees along its axis; ii) The same system as in
Fig. 1 or i) but with a substrate parallel to the xOz plane sup-
porting the waveguide; and iii) A cylindrical waveguide or a
tapered fiber.
Importantly, the directionality for fixed (k, j,mz) will be
the same for any linear combination of the two helicities,
including in particular the pure electric and magnetic mul-
tipolar emissions. We prove this statement analytically in
4FIG. 2. For each ( j,mz,λ ), the graph shows the frequency distribution (see inset) of the logarithmic directionality of the coupling of the emitter
into the waveguide. Blue(red) corresponds to multipolar emissions with positive(negative) helicity. The green dashed line corresponds to 2mz.
Positive(negative) values of D indicate preferential coupling towards the +xˆ(−xˆ) direction, and |D| measures the degree of directionality in
orders of magnitude. The graph shows how D is mostly determined by the eigenvalue of the transverse component of the angular momentum,
mz. The independence of D on the helicity λ is clearly observed.
App. D 1, and have also verified it by simulations. We also de-
rive the following selection rule: An electric or magnetic mul-
tipolar emission can only couple to a waveguide mode when
τq(−1) j+mz = 1, where τ = +1(−1) for electric(magnetic)
multipoles and q is the Mz eigenvalue of the waveguide mode.
The selection rule identifies all the possible contributions to
the coupling of a given general emitter onto a given waveg-
uide mode.
Figure. 4 helps elucidating other properties of the direc-
tional coupling effect.
The directionality changes sign upon Mx [panels b) and f)].
This implies the intuitive fact that the emission must break
the Mx symmetry in order for it to couple directionally. Oth-
erwise, invariance of the emission combined with the change
of sign of the directionality would imply D = 0. This nec-
essary condition is met by both transverse angular momen-
tum and helicity, which change upon Mx. In light of this, a
helicity-dependent directionality may be possible for an emit-
ter displaced out of the xOy plane. The reason is that the
displacement breaks the Mz reflection symmetry that forbids
helicity-dependent directionality for in-plane emitters. This
is illustrated in Fig. 5: The contradictions between Fig. 4(e)
and Fig. 4(g,h) do not occur between Fig. 5(e) and Fig. 5(g,h)
because the emitter is not at the original position.
We confirm the existence of position and helicity dependent
directionality for displaced emitters by numerical simulations.
Figure 6 shows the directionality of dipolar emissions for an
emitter that has been displaced out of the xOy plane by 100nm
along the positive z direction, right to the vertical of the edge
of the waveguide, as shown in Fig. 5(a). Helicity has now
some influence on directionality. For example, some direc-
tionality can be observed in Fig. 6 for mz = 0, in contrast to
the centered case in Fig. 3(a). Also, when |mz|= 1 the curves
for | j = 1 mz λ 〉 and | j = 1 mz −λ 〉 are not on top of each
other, as is the case for the centered emitter in Fig. 3(b). Nev-
ertheless, the sign of mz = ±1 still determines the sign of D.
The comparison between Figs. 3 and 6 shows that the influ-
ence of helicity in the directionality of a displaced emitter is
rather small [40] when compared to the influence of angular-
momentum when |mz| > 0. Figure 6 also shows that the cou-
pling direction favored by a given value of helicity changes
with frequency. This, and the fact that the same helicity will
produce the opposite directionality depending on its position
[see Figs. 5(e,h)], are in sharp contrast with the effect of trans-
verse angular momentum, which is very similar to the case
of a centered emitter. Such similarity is not unexpected after
considering the top parts of Figs. 5 and 4. The results indicate
that the influence of transverse angular momentum in the di-
rectionality is largely independent of the lateral position of the
emitter. We note that other geometries like cylindrical waveg-
uides do not allow helicity-dependent directionality for emis-
sions with well defined j and well defined angular momentum
mα with respect to an axis αˆ transverse to the waveguide axis.
Then, Mα would play the role played previously by Mz in
showing that the directionality could not depend on helicity.
Finally, we observe that Fig. 6 clearly shows the regularity due
to the Mx symmetry of the waveguide: Independently of the
position of the emitter, two helical emissions |k j mz λ 〉 and
|k j −mz −λ 〉 will have the opposite directionality (App. D).
From now on, we focus on the dominant directionality ef-
fect, where the emissions break the Mx symmetry due to the
axial character of the transverse angular momentum [compare
panels a) and b)]. The dominant directionality is hence due
to an axial vector (transverse angular momentum), not to a
pseudo-scalar (helicity). Interestingly, the symmetry breaking
by axial vectors has been studied in the context of enantio-
5FIG. 3. Directionality D with respect to frequency for the coupling
of multipolar emissions |k j mz λ 〉 with j = 1,2,3 and mz = 0 (a), or
|mz|= 1 (b). The emitter is located in the xOy plane.
selective chemical reactions, where Barron refers to it as
“false chirality” (see [41] and the references therein). The
correct identification of the origin of the directionality is cru-
cial for understanding that it is not a binary effect: While a
pseudo-scalar offers only two possibilities which can explain
the sign of D, an axial vector can explain the sign and mag-
nitude gradation of D through the sign and magnitude of the
vector, respectively. Since the Mx symmetry is broken by the
mzˆ→ −mzˆ change, the degree of Mx breaking must be re-
lated to the magnitude of the change (|2m|), which vanishes
for m= 0, suggesting that D should grow with |2m|. We show
in App. E that the growth is exponential.
Finally, Fig. 4 also allows us to determine whether the di-
rectional coupling effect is chiral, as is often stated in the liter-
ature. Panels c) and g) show that the directionality is invariant
upon a mirror reflection (Mz) of the emission. The effect has
hence a mirror symmetry, which makes it achiral[42].
IV. EXPONENTIAL DIRECTIONALITY
The exponential dependence of the directionality on the
transverse angular momentum is remarkable. Its origin can
be traced back to an intrinsic property of the evanescent angu-
FIG. 4. Transformations of transverse angular momentum (green ar-
rows), helicity (red/blue circles), and in-coupled power flux (yellow
arrows) upon different reflection symmetries of the waveguide (gray
strips). The initial situations [panels a) and e)] are transformed by
Mx [panels b) and f)], Mz [panels c) and g)], and the composition
MzMx [panels d) and h)], respectively. In each panel, the origin of
coordinates is at the position of the emitter, and the coordinate axes
are oriented as shown in the figure.
FIG. 5. Transformations of transverse angular momentum (green
arrows), helicity (red/blue circles), and in-coupled power flux (yel-
low arrows) upon different reflection symmetries of the waveguide
(gray strips) for an emitter displaced by dz = 100nm from the xOy
plane. In each panel, the origin of coordinates is at the position were
the emitter was before the displacement (see Figs. 1,4) and the coor-
dinate axes are oriented as shown in the figure.
lar spectrum of the multipolar emissions. Appendix E shows
that: i) Only the evanescent plane-waves in the angular spec-
6FIG. 6. Directionality D with respect to frequency for the coupling
of multipolar emissions |k j mz λ 〉 with j = 1, mz ∈ {−1,0,1}, and
λ ∈ {−1,1}. The emitter is displaced by dz = 100nm from the xOy
plane, as shown in Fig. 5(a).
trum of |k j mz λ 〉 can couple power into the waveguide, and
ii) The power flux (real part of the Poynting vector) carried
by those evanescent plane-wave components towards the ±xˆ
directions is proportional to a term that has a ±mz exponen-
tial dependence. The origin of the exponential directionality
is hence an intrinsic property of the emissions, independent
of the details of the waveguide. This generality is consistent
with the wide variety of experimental setups where the direc-
tional coupling due to transverse angular momentum has been
observed [1, 5, 6]. The exponential directionality is also in
particular consistent with Ref. 12, where the transverse angu-
lar momentum content of evanescent plane-waves was shown
to also depend exponentially on the eigenvalue of transverse
angular momentum[43].
V. A DIFFERENT ANGULAR MOMENTUM AXIS
A static magnetic field or the incident excitation can be used
in experiments to choose the axis of well-defined angular mo-
mentum for the emissions. In some experiments the choice
has coincided with what we define as the transverse axis zˆ
[1, 5, 6]. In other experiments, a different axis has been cho-
sen [2, 3, 10], coinciding with our yˆ axis.
The behavior of the directionality D with respect to my and
mz is different. In Fig. 7 we use the transformation proper-
ties Mx (myyˆ) → −myyˆ, and Mz (myyˆ) → −myyˆ to analyze
both centered and displaced emitter cases. In the top part
of the figure, a contradiction between panels a) and panels
(c,d) is seen for a centered emitter. Such contradiction does
not occur for the displaced emitter in the bottom part of the
figure because the emitter is not in the original position. Ap-
pendix D 2 contains a proof that, in particular, shows that on
a waveguide with both Mz and Mx symmetries the direction-
ality for a centered emitter with well-defined yˆ component of
angular momentum will be identically zero. This explains the
lack(existence) of directionality for centered(displaced) emit-
FIG. 7. Transformations of the out-of-plane myyˆ angular momen-
tum (green symbols) and in-coupled power flux (yellow arrows) upon
different reflection symmetries of the waveguide (gray strips). The
top(bottom) part shows a centered(displaced) emitter.
ters measured in Refs. 3 and 10. Moreover, it also explains
the possibility of directionality from centered emitters when
the waveguide itself lacks the Mz reflection symmetry, as in
Ref. 2. In this case, the waveguide in panel a) would be dif-
ferent from those in panels (c,d), avoiding the contradiction.
We also deduce from the bottom part of Fig. 7 that, in sharp
contrast to the mz case, the sign of the angular momentum de-
pendent directionality does not follow the sign of my. For ex-
ample, panels e) and h) show the same sign of my but opposite
directionality. This position-dependent directionality for fixed
my has been experimentally observed [10, Fig. 3(b)]. Impor-
tantly, an analysis similar to the one in App. E indicates that
the directionality will not have an exponential dependence on
my.
The analysis in this section strongly suggests that, for ex-
periments with magnetically biased quantum dots [2, 3], a
static magnetic bias in the transverse direction instead of the
out-of-plane direction will achieve: i) A position-independent
correlation of the preferred coupling direction with the sign
of the angular momentum of the emissions, and ii) the expo-
nential dependence of D on |mz|. Several of the qualitative
and quantitative predictions contained in this article could be
observed in such experimental setup, in particular if quantum
dot emissions with |mz|> 1 can be achieved.
VI. FINAL REMARKS
Regarding plausible applications of the dominant direc-
tional coupling effect: On the one hand, the exponential mz
dependence and the selection rule for electric and magnetic
multipolar emissions may be exploited for detecting and clas-
sifying higher-order transitions of discrete nano-emitters. The
7experimental detection of [19–24], and theoretical interest
in [44–48] higher-order transitions in atoms, molecules, and
quantum dots is becoming more common. Our framework is
specifically suited for understanding and predicting the direc-
tional coupling of higher-order multipolar transitions [48]. On
the other hand, contrary to what is sometimes claimed [4, 6],
D does not allow to distinguish the helicity, chirality or hand-
edness of the emission, and hence the consequently suggested
applications for chiral molecule sensing [49] are not possible.
In this article, we have identified the symmetry and
symmetry-breaking mechanisms behind the directional cou-
pling of emitters into nearby waveguides. We have also shown
that the directionality is mostly determined by the transverse
angular momentum, whose sign determines the preferential
coupling direction, and whose absolute value affects the de-
gree of directionality in an exponential way.
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Appendix A: Details about the numerical simulation with CST
MWS
Each emission is modeled with the help of an imaginary
auxiliary box surrounding the emitter (see Fig. 1). For a
given helical multipole |k j mz λ 〉, the exact radiated electric
and magnetic fields on the surface of the box are computed
using Eqs. (B2,B5). Then, their tangential components are
imprinted on the surface of the box as electric and magnetic
source currents. According to the surface equivalence princi-
ple (Chap. 3.5 in Ref. 56), the electromagnetic field that these
sources produce outside the box is identical to the electromag-
netic field emanating from the multipolar emission from the
center of the box. We pick the size of the auxiliary box to
be 190 nm and assign a mesh step of 3.8 nm across its sur-
face. Picking a fine mesh here is crucial because the evanes-
cent fields generated by the multipolar emission need to be
accurately modeled since they are the ones responsible for the
near-field coupling to the waveguide (see App. E). A mesh
step of 0.02λ0 was chosen, which allows us to correctly model
fast varying evanescent fields with a spatial periodicity of even
about 0.1λ0.
Open boundary conditions are selected everywhere. The
waveguide ports that collect the power guided from the emitter
to each side of the waveguide are placed at a distance of 6 µm
from the yOz plane.
Finally, we note that all our formulas have an implicit
e−iωt time dependency, whereas CST MWS adopts the
opposite convention eiωt . We therefore need to take
special care to give the correct real fields. Specif-
ically, we need to feed CST MWS with the com-
plex conjugates of the formulas in Eqs. (B2,B5) so
that Re
{
E∗λ ,mz j(kr)e
iωt
}
= Re
{
Eλ ,mz j(kr)e
−iωt} and
Re
{
H∗λ ,mz j(kr)e
iωt
}
= Re
{
Hλ ,mz j(kr)e
−iωt}.
Appendix B: Multipoles of well-defined helicity
The multipoles of well-defined helicity |k j mz λ 〉 that we
use can be written as linear combinations of the electric and
9magnetic multipoles |k j mz τ〉:
|k j mz λ 〉= |k j mz τ =−1〉+λ |k j mz τ =+1〉√
2
, (B1)
where τ = 1(τ = −1) corresponds to the electric(magnetic)
multipoles, k is the wavenumber, j = 1,2,3, . . . is related
to j( j + 1), the eigenvalue of the total angular momentum
squared operator J ·J = J2, and mz ∈ [− j,− j+1, . . . , j−1, j]
is the eigenvalue of the z-component of the angular momen-
tum Jz. We note that the different definition
√
2 |k j mz λ 〉 =
|k j mz τ =+1〉+ τ |k j mz τ =−1〉 is also possible. Both
conventions are used in the literature (see e.g. [34, Eq. (11.4-
19)] versus [35, Eq. (2.18)]). The |k j mz τ〉 are eigenstates of
the parity operator: Π |k j mz τ〉= τ(−1) j |k j mz τ〉.
The derivation of the r-dependent expressions of the
|k j mz τ〉 multipoles can be found in the literature (e.g. [57,
App. C]). Different conventions are again used by different
authors, which then lead to different expressions for the radi-
ating |k j mz λ 〉 multipoles. We use the following one:
|k j mz λ 〉 ≡ λ√
2
j( j+1)
kr
h(1)j (kr)γ
mz
j P
mz
j (cosθ)e
imzφ rˆ (B2)
+
1
2
[
1
kr
d
dkr
(
krh(1)j (kr)
)
+ ih(1)j (kr)
]
Aλ ,mz j(rˆ) eˆλ (rˆ)
−1
2
[
1
kr
d
dkr
(
krh(1)j (kr)
)
− ih(1)j (kr)
]
A−λ ,mz j(rˆ) eˆ−λ (rˆ),
where r = |r|, h(1)j (·) are spherical Hankel functions of
the first kind, θ = arccos(z/|r|), φ = arctan2(y,x), γmzj =
imz
√
(2 j+1)( j−mz)!/
√
4pi j( j+1)( j+mz)!, P
mz
j (·) are the
associated Legendre function of the first kind,
Aλ ,mz j(rˆ) = γ
mz
j
[
−
dPmzj (cosθ)
dθ
−λmz
Pmzj (cosθ)
sinθ
]
eimzφ , (B3)
eˆλ (rˆ) =
−λ θˆ(rˆ)− iφˆ(rˆ)√
2
, (B4)
and {rˆ = r/r, θˆ(rˆ), φˆ(rˆ)} are the radial, polar, and azimuthal
unit vectors that correspond to r.
The electromagnetic field radiated by a particular multipo-
lar emission of well-defined helicity is then:
Eλ ,mz j(kr)≡ |k j mz λ 〉 , Hλ ,mz j(kr) =
λ
iZ
Eλ ,mz j(kr),
(B5)
where the rightmost expression follows from applying the
Maxwell-Faraday equation H= ∇×kiZ E to fields of well defined
helicity: Since ∇×k is the representation of the helicity opera-
tor Λ for monochromatic fields, then H = ΛE/iZ = λE/iZ.
The transformation properties of the multipoles of well-
defined helicity under mirror reflections and parity can be ob-
tained from Eq. (B2):
Mx |k j mz λ 〉= (−1)mz+1 |k j −mz −λ 〉 , (B6)
My |k j mz λ 〉=−|k j −mz −λ 〉 , (B7)
Mz |k j mz λ 〉= (−1) j+mz+1 |k j mz −λ 〉 , (B8)
Π |k j mz λ 〉= (−1) j+1 |k j mz −λ 〉 . (B9)
Appendix C: Electric dipole radiation as superposition of helical
multipoles of the two helicities
A general radiation of frequency ω = kc can be written as
[58, Chap. 9] and [59, App. B, §4]:
∞
∑
j=1
j
∑
mz=− j
a fjmz |k j mz τ =+1〉+b
f
jmz |k j mz τ =−1〉 ,
(C1)
where the {a fjmz ,b
f
jmz} are complex coefficients, namely the
coefficients of the multipolar decomposition of the fields. The
field radiated by an electric dipole can hence be written as:
a f1,1 |k 1 1 τ = 1〉+a f1,0 |k 1 0 τ = 1〉+a f1,−1 |k 1 −1 τ = 1〉=
1
∑
mz=−1
a f1,mz |k 1 mz τ = 1〉
Eq. (D12)
=
1
∑
mz=−1
a f1,mz√
2
(|k 1 mz λ =+1〉− |k 1 mz λ =−1〉) ,
(C2)
which is a perfect mix of both helicities.
The a f1,mz are determined by the Cartesian components of an
arbitrary electric dipole p = pxxˆ+ pyyˆ+ pzzˆ. To see this, we
first note that the {a fjmz ,b
f
jmz} field coefficients must be pro-
portional to the multipolar components of the emitting source
{asjm,bsjm}. For an electric dipole the as1,mz are also just pro-
portional to the components of p in the basis of spherical vec-
tors {eˆ1 =−(xˆ+ iyˆ)/
√
2, eˆ0 = zˆ, eˆ−1 = (xˆ− iyˆ)/
√
2}, namely
[60, Eq. (C3)]:
as1,mz =
iω pmz√
3pi
, (C3)
and  p1p0
p−1
=

−1√
2
i√
2
0
0 0 1
1√
2
i√
2
0

pxpy
pz
 . (C4)
Appendix D: Symmetry derivations
In this Section we will demonstrate that the regularities ob-
served in the numerical results shown in Fig. 2 follow from
symmetry arguments. Namely, we will show that:
1. The directionality must be identical for multipolar
emissions with equal (k, j,mz) and opposite helicity λ ,
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2. the directionality must be opposite for multipolar emis-
sions with equal (k, j,λ ) and opposite angular momen-
tum mz, and that
3. the directionality must be zero for mz = 0.
We will show that: i) The first statement follows from the
mirror symmetry of the waveguide across the xOy plane, Mz;
ii) The second statement follows from the first, plus the mirror
symmetry of the waveguide across the yOz plane, Mx, and; iii)
The third statement follows from the second one when mz = 0.
We model the coupling between the emission of a multipole
|k j mz λ 〉 and the power guided along the ±xˆ direction of the
waveguide as:
C±xˆ
∣∣
(k, j,mz,λ )
= | 〈σ±xˆ| S |k j mz λ 〉 |2 (D1)
where σ±xˆ is a guided mode of the waveguide in the ±xˆ di-
rection, and S is the S-matrix of the system that includes the
coupling mechanism. The directionality D is defined as:
D
∣∣
(k, j,mz,λ )
= log10
[
C+xˆ
∣∣
(k, j,mz,λ )
/C−xˆ
∣∣
(k, j,mz,λ )
]
. (D2)
We will use Eqs. (B8,D1,D2), as well as the invariance of S
under Mz
M†z SMz = S, (D3)
and the transformation of |σ±xˆ〉 under Mz
Mz |σ±xˆ〉= q |σ±xˆ〉 , (D4)
where q is either +1 or -1. Equation (D4) follows from the
invariance of S under Mz, whereby the guided modes in the
±xˆ direction must transform as Mz |σ±xˆ〉= eiϕ± |σ±xˆ〉. Then,
since M2z = I, it must be that e
iϕ+ and eiϕ− are equal to either
+1 or -1. Finally, since such sign determines the character
of the mode upon transformation with Mz, it must be equal
for both |σ±xˆ〉 because they are counter-propagating but oth-
erwise identical modes. We can then write
C±xˆ
∣∣
(k, j,mz,λ )
= | 〈σ±xˆ| S |k j mz λ 〉 |2 Eq. (D3)=
| 〈σ±xˆ| M†z SMz |k j mz λ 〉 |2
Eqs. (B8,D4)
=
|q(−1) j+mz+1 〈σ±xˆ| S |k j mz −λ 〉 |2 =
| 〈σ±xˆ| S |k j mz −λ 〉 |2 = C±xˆ
∣∣
(k, j,mz,−λ ).
(D5)
It then follows that
D
∣∣
(k, j,mz,λ )
= D
∣∣
(k, j,mz,−λ ), (D6)
which proves statement 1 above.
We will now use Eqs. (B6,D1,D2), as well as the invariance
of S under Mx:
M†xSMx = S. (D7)
Due to the fact that the power in the waveguide travels from
one end to the other, the guided modes are not eigenstates
of Mx. Instead, they are transformed into each other as
Mx |σ±xˆ〉 = p |σ∓xˆ〉, with p equal to either +1 or -1. There-
fore, we have that:
C±xˆ
∣∣
(k, j,mz,λ )
= | 〈σ±xˆ| S |k j mz λ 〉 |2 Eq. (D7)=
| 〈σ±xˆ| M†xSMx |k j mz λ 〉 |2
Eq. (B6)
=
|p(−1)(mz+1) 〈σ∓xˆ| S |k j −mz −λ 〉 |2 =
| 〈σ∓xˆ| S |k j −mz −λ 〉 |2 = C∓xˆ
∣∣
(k, j,−mz,−λ ),
(D8)
which implies:
D
∣∣
(k, j,mz,λ )
=−D∣∣
(k, j,−mz,−λ ). (D9)
We now combine Eq. (D6) and Eq. (D9) to obtain that,
for waveguides that are invariant under both Mx and Mz, and
when the emitter is located in the xOy plane:
D
∣∣
(k, j,mz,λ )
=−D∣∣
(k, j,−mz,λ ), (D10)
which proves statement 2 above. Statement 3 is readily shown
by particularizing Eq. (D10) for mz = 0:
D
∣∣
(k, j,0,λ ) =−D
∣∣
(k, j,0,λ ) =⇒ D
∣∣
(k, j,0,λ ) = 0. (D11)
1. Electric and magnetic multipoles
We now consider the electric (τ = 1) and magnetic (τ =−1)
multipoles |k j mz τ〉. They can be written as linear combina-
tions of the helical multipoles by inverting Eq. (B1):
|k j mz τ〉= |k j mz λ =+1〉− τ |k j mz λ =−1〉√
2
. (D12)
We will now show that, when the electric(magnetic) multi-
poles couple to the waveguide, their directionality is identical
to the one for the helical multipoles with the same (k, j,mz)
numbers.
C±xˆ
∣∣
(k, j,mz,τ)
=
1
2
| 〈σ±xˆ|S |k j mz λ =+1〉− τ 〈σ±xˆ|S |k j mz λ =−1〉 |2 =
1
2
(| 〈σ±xˆ|S |k j mz λ =+1〉 |2+ | 〈σ±xˆ|S |k j mz λ =−1〉 |2)−
τRe
{〈σ±xˆ|S |k j mz λ =+1〉∗〈σ±xˆ|S |k j mz λ =−1〉} Eq. (D5)=
| 〈σ±xˆ|S |k j mz λ =+1〉 |2−
τRe
{〈σ±xˆ|S |k j mz λ =+1〉∗〈σ±xˆ|S |k j mz λ =−1〉} ,
(D13)
Let us now manipulate the last term in Eq. (D13)
〈σ±xˆ|S |k j mz λ =−1〉 Eq. (D3)= 〈σ±xˆ|M†zSMz |k j mz λ =−1〉
Eq. (B8),Eq. (D4)
= q(−1) j+mz+1 〈σ±xˆ|S |k j mz λ =+1〉 ,
(D14)
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and substitute it back into Eq. (D13):
C±xˆ
∣∣
(k, j,mz,τ)
= | 〈σ±xˆ|S |k j mz λ =+1〉 |2−
τRe
{
q(−1) j+mz+1|〈σ±xˆ|S |k j mz λ =+1〉|2
}
=
(1+ τq(−1) j+mz)| 〈σ±xˆ|S |k j mz λ =+1〉 |2.
(D15)
Two important conclusions can be reached from Eq. (D15).
First, when τq(−1) j+mz =−1 the emission cannot couple into
the waveguide at all. The reciprocal version of this selection
rule can be found in [12, Tab. I] for the decomposition of a sin-
gle evanescent plane-wave into multipoles with well-defined
transverse angular momentum. And second, when the selec-
tion rule allows the coupling, the directionality is identical to
the one for the helical multipoles:
D
∣∣
(k, j,mz,τ)
= log10
[
C+xˆ
∣∣
(k, j,mz,τ)
/C−xˆ
∣∣
(k, j,mz,τ)
]
Eq. (D15)
= log10
[
2| 〈σ+xˆ|S |k j mz λ 〉 |2
2| 〈σ−xˆ|S |k j mz λ 〉 |2
]
Eq. (D2)
= D
∣∣
(k, j,mz,λ )
.
(D16)
The same directionality is also featured by general combi-
nations of helical multipoles obtained with an arbitrary com-
plex value of τ in Eq. (D12). The only difference in Eq. (D15)
is a substitution τ→ Re{τ}, which does not affect Eq. (D16).
2. A different angular momentum axis
We consider an emission expressed as the sum of helical
multipoles with well-defined angular momentum along the yˆ
axis:
|Ψ〉= ∑
k, j,my,λ
α(k, j,my,λ ) |k j my λ 〉 , (D17)
where the sum in k is meant to represent an integral. The
emitter is placed on the XY plane. We assume that the coeffi-
cients α(k, j,my,λ ) are equal to zero for odd(even) my. Under
this assumption, the emission is an eigenstate of the combined
MzMx transformation:
MzMx|Ψ〉= s|Ψ〉, (D18)
where s= 1(−1) when all coefficients α(k, j,my,λ ) are equal
to zero for odd(even) my. Equation (D18) follows from con-
sidering Eqs. (B6,B7) after a rotation by −pi/2 along the xˆ
axis which maps y to −z and z to y. Together, the two equa-
tions imply that MzMx |k j my λ 〉= (−1)my |k j my λ 〉.
We now consider the power coupled towards each direction
C±xˆ
∣∣|Ψ〉 = | 〈σ±xˆ| S |Ψ〉|2 (D19)
and apply the consequences of the combined transformation
C±xˆ
∣∣|Ψ〉 =
| 〈σ±xˆ| (MzMx)† SMzMx |Ψ〉|2 = |pqs〈σ∓xˆ| S |Ψ〉|2
(D20)
to show that the directionality is identically zero since pqs is
equal to either +1 or -1 . The second equality in Eq. (D20) fol-
lows from Eq. (D18), and the arguments around Eqs. (D4,D7).
Appendix E: Plane-wave spectrum of multipoles of well-defined
helicity and the directionality of its evanescent part
In this Section, we will examine the plane-wave expansion
of the emission of a multipolar source with well-defined helic-
ity. It is our purpose to investigate the origin of the exponential
dependence of the directionality on the transverse component
of the angular momentum. We will show that the exponen-
tial dependence has its cause in an intrinsic characteristic of
the evanescent part of the angular spectrum of the emission:
The ratio of the energy flux densities carried by evanescent
plane-waves with opposite kx is proportional to a term that
has an exponential dependence on the transverse angular mo-
mentum mz. It is that mz-driven asymmetry in the energy flux
that translates to the directional coupling.
1. Plane-wave spectrum representation of a multipolar
emission for the half-space that is transverse to its quantization
axis
In Ref. 61 [Eqs. (B1a, B1b)], Devaney and Wolf expand the
fields of multipoles of well-defined parity in a series of plane-
waves containing both propagating and evanescent compo-
nents. By using our introduced conventions, normalizations,
and from the definition of the multipoles of well-defined he-
licity [Eq. (B1)], we can reach the following formula that ex-
pands the helical multipoles |k j mz λ 〉 as an integral series of
plane-waves that is valid for the z>0 half-space:
|k j mz λ 〉 ≡ 12pii j−1
∫
C+zˆφkˆ
dφkˆ
∫
C+zˆθkˆ
sinθkˆdθkˆAλ ,mz j(kˆ)eˆλ (kˆ)e
ik·r,
≡ 1
2pii j−1
+∞∫∫
−∞
dkxdky
k
√
k2−k2x−k2y
Aλ ,mz j(kˆ)eˆλ (kˆ)e
ik·r,
for z > 0, (E1)
The positive half space (z>0) is defined relative to the position
of the emitter (see Fig. 1 of the main manuscript). The nor-
mal vector of the interface defining the half-space points to the
direction of the quantization axis of the emitter. The wavevec-
tor direction of each plane-wave component in the definition
above is given by:
kˆ(θkˆ,φkˆ) = (kxxˆ+kyyˆ+kzzˆ)/k
= xˆsinθkˆcosφkˆ+ yˆsinθkˆsinφkˆ+ zˆcosθkˆ. (E2)
The polar and the azimuthal angles of propagation are defined
by:
θkˆ = arccos(kz/k) =−i ln
[
kz/k+ i
√
1− (kz/k)2
]
, (E3)
φkˆ = arctan(kx,ky) =−i ln
 kx+ iky√
k2x +k2y
 , (E4)
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and their integration contour at the integral above is C+zˆθkˆ
=
[0, pi2 − i∞] and C+zˆφkˆ = [0,2pi] respectively. The complex po-
lar angles θkˆ account for the evanescent part of the plane-
wave spectrum. The latter formulas give the analytic continu-
ation of the polar and azimuthal angles in the complex plane
as a function of the Cartesian components of the wavevec-
tor k. kz(k,kx,ky) =
√
k2−k2x−k2y is a restricted variable
that takes values on the positive real(imaginary) part of the
z-axis for propagating(evanescent) plane-waves that propa-
gate(decay) along the +zˆ direction.
The spectral amplitudes Aλ ,mz j(kˆ) are given by Eq. (B3)
and Eq. (B4) gives the polarization vector:
eˆλ (kˆ) =
xˆ√
2
(−λcosθkˆcosφkˆ+ i sinφkˆ)
+
yˆ√
2
(−λcosθkˆsinφkˆ− i cosφkˆ)
+
zˆ√
2
λ sinθkˆ. (E5)
It is important to note that each plane wave eˆλ (kˆ)eik·r, in-
dependent of whether it is a propagating or an evanescent
plane wave, is divergent-free: eˆλ (kˆ) · kˆ = 0. Each plane wave
also constitutes an eigenstate of the helicity operator with
eigenvalue λ . The plane-wave spectrum of a multipole with
λ = +1(−1) is purely composed out of left-handed(right-
handed) circularly polarized plane waves. The helicity λ de-
fines the handedness of the polarization in momentum space.
However, we also note that, for the evanescent part of the
spectrum, apart from the norm of the unit wavevectors kˆ [see
Eq. (E2)], also the norm of the corresponding polarization
vector eˆλ (kˆ) stops being unitary. From Eq. (E5) we have that:
∣∣eˆλ (kˆ)∣∣= cosh(Im{θkˆ})cosh(Im{φkˆ})
+ λcos
(
Re
{
θkˆ
})
sinh
(
Im
{
φkˆ
})
. (E6)
For complex angles, the polarization vectors of opposite helic-
ity stop being orthogonal in the usual sense: eˆλ (kˆ) · eˆ∗λ ′(kˆ) 6=
δλλ ′ . Instead, we have the following orthogonality prop-
erty that is also valid for complex angles of propagation:
eˆλ (kˆ) · eˆ−λ ′(kˆ) =−δλλ ′ .
Before we move further on, let us introduce a couple of
other properties of the polarization vector that will be useful
later:
|eˆλ (kx,kz)|= |eˆ−λ (−kx,kz)|, (E7)
|eˆλ (kx,kz)|= |eˆ−λ (kx,−kz)|. (E8)
Equation (E7) follows because θkˆ does not depend on kx,
and Im
{
φkˆ(kx,kz)
}
= −Im{φkˆ(−kx,kz)} = ln ∣∣∣√k2x +k2y∣∣∣−
ln
∣∣kx+ i ky∣∣. Equation (E8) follows because θkˆ(kx,kz) =
pi−θkˆ(kx,−kz) and φkˆ(kx,kz) = φkˆ(kx,−kz).
So, Eq. (E1) gives the plane-wave expansion that describes
the fields in the z>0 half-space. However, in our case we are
interested in the plane-wave expansion for the y<0 half-space,
because this is the half-space that hosts the waveguide (see
Fig. 1 of the main text). To take the plane-wave expansion
that describes the radiated fields in an arbitrary half-space, we
proceed as follows:
We begin by expressing the multipolar emission |k j mz λ 〉
as a superposition of multipoles |k j mz′ λ 〉 with well-defined
angular momentum along the z-axis, z’, of a rotated coordi-
nate frame that is given by a z-y-z rotation of the original
one under the Euler angles (α,β ,γ). This inverse rotation of
the multipoles is done by making use of the Wigner D-Matrix
[34]. We formulate this here for arbitrary angles of α , β , and
γ , but afterwards, of course, specific values are considered to
account for the specific rotation of the coordinate system we
are interested in. As a second step, we apply Eq. (E1) to get
the plane-wave expansion for the z’>0 half-space -which shall
be the half-space that hosts the waveguide (y<0 in our case)-:
|k j mz λ 〉=
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α) |k j mz′ λ 〉
≡
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α)×
× 1
2pii j−1
+∞∫∫
−∞
dkx′dky′
k
√
k2−k2x′ −k2y′
Aλ ,mz′ j(kˆ
′)eˆλ (kˆ′)eik
′·r′ ,
for z′ > 0. (E9)
Next, we proceed with the following change of variables: r′ =
Rr, k′ =Rk, where R(α,β ,γ) = [Rx′ Ry′ Rz′ ]T is a 3x3 matrix
that rotates the original coordinate system under the Euler an-
gles (α,β ,γ) corresponding to a z-y-z rotation, so that the new
z-axis, zˆ′, is along the direction that defines the interior of the
half-space of our interest. R is a real unitary matrix having
the property R−1(α,β ,γ) = RT(α,β ,γ) = R(−γ,−β ,−α),
which means that: k′ ·r′ = [kTRT][Rr] = kTr= k ·r. Applying
the above and rearranging the sums gives:
|k j mz λ 〉= 12pii j−1
+∞∫∫
−∞
d[Rx′k]d[Ry′k]
k
√
k2− [Rx′k]2− [Ry′k]2
eik·r×
×
[
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α)Aλ ,mz′ j(kˆ
′)eˆλ (kˆ′)
]
,
for Rz′r > 0. (E10)
As a last but crucial step we need to calculate the sum inside
the square brackets of the above formula. For this, one needs
to notice -by looking at the definitions of Eqs. (B3,B4) and the
representations of the nabla operators in a spherical coordinate
system- that:
Aλ ,mz j(kˆ)eˆλ (kˆ) = Oˆ Y
mz
j (kˆ),
(E11)
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where Ymzj (kˆ) = γ
mz
j P
mz
j (cosθkˆ)e
imzφkˆ are the spherical har-
monics and the operator Oˆ is defined as:
Oˆ =
−i∇k× [k(·)]+λk∇k(·)√
2
, (E12)
with the subscript k at the nablas implying operation in the
k-space. Applying the same inverse rotation to the scalar
spherical harmonics using the Wigner D-matrices, as we did
in Eq. (E9) for the multipoles, gives:
Aλ ,mz j(kˆ)eˆλ (kˆ) = Oˆ Y
mz
j (kˆ)
= Oˆ
[
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α)Y
mz′
j (kˆ
′)
]
=
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α)Oˆ Y
mz′
j (kˆ
′)
=
j
∑
mz′=− j
D jmz′mz(−γ,−β ,−α)Aλ ,mz′ j(kˆ
′)eˆλ (kˆ′).
(E13)
Substituting this expression into Eq. (E10) finally gives us the
formula for the momentum space representation of the radi-
ation of a helical multipole valid for an arbitrary half-space
Rz′r > 0:
|k j mz λ 〉= 12pii j−1
+∞∫∫
−∞
d[Rx′k]d[Ry′k]Aλ ,mz j(kˆ)eˆλ (kˆ)e
ik·r
k
√
k2− [Rx′k]2− [Ry′k]2
,
for Rz′r > 0 (E14)
In our specific case, a rotation matrix R that transforms -yˆ
into zˆ′ can be the following:
R(α,β ,γ) = R(3pi/2,pi/2,pi/2) =
Rx′Ry′
Rz′
=
1 0 00 0 1
0 −1 0
 .
(E15)
Finally, by substituting the above into it, Eq. (E14) takes the
following specific form:
|k j mz λ 〉= 12pii j−1
+∞∫∫
−∞
dkxdkz
−kky Aλ ,mz j(kˆ)eˆλ (kˆ)e
ik·r,
for y < 0, (E16)
where ky(k,kx,kz) = −
√
k2−k2x−k2z is now the restricted
variable that takes values on the negative real(imaginary) part
of the y-axis for propagating(evanescent) plane-waves that
propagate(decay) along the−yˆ direction. Aλ ,mz j(kˆ) and eˆλ (kˆ)
are analytic functions of θkˆ and φkˆ, and, therefore, we can use
Eqs. (E3,E4) and have access to their analytic continuation in
the complex plane. We see from Eq. (E14) that the angular
spectrum function Aλ ,mz j(kˆ)eˆλ (kˆ) determines the plane-wave
expansion of the multipole for an arbitrary half-space. One
only needs to modify appropriately the integration contour of
the polar and azimuthal angles of propagation in the complex
plane to account for the relevant propagating and evanescent
part of the spectrum.
So, Eq. (E16) accounts for the transverse plane-wave spec-
trum of the multipolar emission. That is the plane-wave
expansion valid in the half-space y<0 that is transverse to
the quantization axis of the emitter (the z-axis) and hosts
the waveguide. Next, we will make use of this formula to
study the directionality of the evanescent part of the transverse
plane-wave spectrum of such helical multipolar emissions.
2. Directionality of the evanescent part of the transverse
plane-wave spectrum of the multipolar emission
Let us now consider the coupling of the emission of a spe-
cific multipole |k j mz λ 〉 into the waveguide on the base of
its transverse plane-wave decomposition that we just calcu-
lated. We are going to show that the ratio of the energy flux
densities carried by the evanescent plane-waves of the trans-
verse multipolar spectrum with opposite kx is proportional to
a term that has an exponential dependence on the transverse
angular momentum mz. Then we will argue that this mz-driven
asymmetry in the energy flux density is the main origin of the
directionality of the coupling.
We start by showing that only the evanescent plane-waves
in the decomposition of the emission can couple power into
the guided mode of the waveguide. This follows from the
translation-invariance of the waveguide along xˆ, which im-
poses the conservation of the x component of momentum, and
makes it impossible for any plane-wave with kx 6=±β to cou-
ple into the modes. Then, since β , the propagation constant of
the mode, is larger than the wavenumber outside the waveg-
uide, β = |kx| > k, it follows that all the contributing plane-
waves will be evanescent. Only the plane-wave components
of the emission with kx = +β (kx = −β ) -and with varying
kz- can couple power to the guided mode propagating towards
the +xˆ(−xˆ) direction.
Then, with kx fixed to either +β or −β , and for fixed kz
also, a single plane-wave Aλ ,mz j(kˆ)eˆλ (kˆ)e
ik·r of the transverse
spectrum given by Eq. (E16) is chosen for each direction.
Evanescent plane-waves do not carry power along the direc-
tion of their decay (which is towards the negative y-axis in
our case), but they are capable of carrying power along some
direction perpendicular to their decay axis. By making use of
Eq. (E5) and after some straightforward algebra, we can show
that the energy flux density (norm of the real part of the Poynt-
ing vector) that such chosen evanescent plane-waves carry is
equal to
∣∣Aλ ,mz j(kˆ)eˆλ (kˆ)∣∣2 /2Z. Therefore, the logarithm of
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the ratio of their energy flux density is given by:
Rλ ,mz j(kz)= log10
[∣∣Aλ ,mz j(kx =+β ,kz)eˆλ (kx =+β ,kz)∣∣2∣∣Aλ ,mz j(kx =−β ,kz)eˆλ (kx =−β ,kz)∣∣2
]
.
(E17)
We now use Eqs. (B3, E3, E4, E6, E7) to decompose
Eq. (E17) into two terms:
Rλ ,mz j(kz) = 2log10
[∣∣∣∣∣eimzφkˆ(kx=+β ,kz)eimzφkˆ(kx=−β ,kz)
∣∣∣∣∣ |eˆλ (kx =+β ,kz)||eˆλ (kx =−β ,kz)|
]
= 2mzlog10
[∣∣∣∣∣eiφkˆ(kx=+β ,kz)eiφkˆ(kx=−β ,kz)
∣∣∣∣∣
]
+2λ log10
[ |eˆ+(kx =+β ,kz)|
|eˆ+(kx =−β ,kz)|
]
= 2mz f (kz)+2λg(kz),
(E18)
where we have defined:
f (kz) = log10
[∣∣∣∣∣eiφkˆ(kx=+β ,kz)eiφkˆ(kx=−β ,kz)
∣∣∣∣∣
]
(E19)
= log10

∣∣∣∣∣∣∣∣
β
k − i
√
1−
(
β
k
)2−( kzk )2
β
k + i
√
1−
(
β
k
)2−( kzk )2
∣∣∣∣∣∣∣∣
 ,
and:
g(kz) = log10
[ |eˆ+(kx =+β ,kz)|
|eˆ+(kx =−β ,kz)|
]
. (E20)
We see that Rλ ,mz j is the sum of two terms: one that is
proportional to the transverse angular momentum mz and an-
other one that is proportional to the helicity λ . Apart from
the fact that both are functions of kz, there is something to
say about the weighting functions of those two terms. On
the one hand, we have that f (kz), the weighting function of
the 2mz-dependent term, is always positive since β > k and
also has an even symmetry: f (kz) = f (−kz) . On the other
hand, because of Eqs. (E7, E8), g(kz), the weighting function
of the 2λ -dependent term, is a function with odd symmetry:
g(kz)=−g(−kz). Both functions have singularities at |kz|= k
and approach zero in the limit of |kz| → ∞. In Fig. S8 we plot
the two functions for the case of β/k = 2.26.
Moreover, it can be shown that the inequality f (kz) ≥
|g(kz)| ≥ 0 always holds true. This has as a consequence
the following: For non-zero mz, the sign of Rλ ,mz j(kz) solely
depends on the sign of the transverse angular momentum
mz, for all kz. Additionally, Rλ ,mz j(kz) does not depend on
the multipolar order j, and it has the symmetry property of
Rλ ,mz j(kz) = R−λ ,mz j(−kz).
We will now argue that the 2mz-dependent term in Eq (E18)
is the origin of the dominant exponential dependence of the
directionality D
∣∣
(k, j,mz,λ )
on mz. By making use of Eqs. (D1,
FIG. S8. Plot of the functions f (kz),g(kz) for β/k = 2.26.
E16) and the property of the translation invariance of the sys-
tem along the x-axis, we can end up with the following repre-
sentation of the power coupled in the two modes:
C±xˆ
∣∣
(k, j,mz,λ )
=
1
4pi2k2
× (E21)
×
∣∣∣∣∣∣
+∞∫
−∞
dkz
ky
Aλ ,mz j(kˆ±)|eˆλ (kˆ±)| 〈σ±xˆ| S |k± λ 〉
∣∣∣∣∣∣
2
,
where we represent the normalized plane waves
eˆλ (kˆ)/|eˆλ (kˆ)|eik·r with the kets |k λ 〉 and also we de-
fine k±(kz) = ±β xˆ−
√
k2−β 2−k2z yˆ+ kzzˆ. One can see
from the above equation that the directionality D
∣∣
(k, j,mz,λ )
will
be a function of coherent sums over kz of the contributions
of all the evanescent components of the multipolar spectrum
with kx = ±β . The cross-section of the waveguide, the
multipolar order, and the distance between the emitter and
the waveguide will affect the way in which the different
kz-components will be combined. It is not possible to
compute D
∣∣
(k, j,mz,λ )
from our results. For this, one would
need to know the S-matrix of the system representing the
exact coupling mechanism to the waveguide. However, even
though D
∣∣
(k, j,mz,λ )
is not related directly to Rλ ,mz j, using the
last line of Eq. (E18), we can see how the expected trends
for it look like. This is because Rλ ,mz j, practically, somehow
accounts for the elementwise amplitude asymmetry between
the two input vectors of the S-matrix of the system that give
as outputs the coupling to the two counterpropagating modes.
This can be seen by comparing Eqs. (E17, E21). First, as
shown in Sec. D, the overall directionality D
∣∣
(k, j,mz,λ )
does
not depend on helicity λ when the system has Mz mirror
symmetry. This means that D
∣∣
(k, j,mz,λ )
cannot have any
λ -dependent term like the 2λg(kz) in Rλ ,mz j. The other
term in Rλ ,mz j, with a 2mz dependence, appears for each of
the kz components, and we therefore expect that D
∣∣
(k, j,mz,λ )
should show a similar exponential dependence on mz. This
expectation is confirmed by the numerical results.
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Finally, there is a family of waveguide geometries where
D
∣∣
(k, j,mz,λ )
is directly related with Rλ ,mz j. This is the case
where, instead of the rectangular waveguide of Fig. 1, we
have an arbitrary infinite planar waveguide parallel to the
xOz plane. Then, due to the additional translation invari-
ance of such a waveguide along z, the directionality of the
coupling of an emitter |k j mz λ 〉 along its x-axis is given
by: D
∣∣
(k, j,mz,λ )
= Rλ ,mz j(kz = 0) = 2mz f (kz = 0). Hence, in
such a case, the directionality of the coupling of an emitter
|k j mz λ 〉 along the x-axis of the planar waveguide, depends
exactly in a proportional way on the transverse angular mo-
mentum mz of the emitter. Moreover, it is independent of he-
licity λ , the multipolar order j and the distance between the
emitter and the planar waveguide. Apart from its exponential
mz-dependence, it only depends on the wavenumber k and the
propagation constant β of the planar waveguide.
